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Abstract
Let E be an r-connected 3nite complex of dimension n, where r ≥ 1, and let p be an odd
prime number such that rp ≥ n. A theorem of Anick implies that the cochain algebra C∗(E; Fp)
is equivalent to a commutative cochain algebra A∗(E; Fp). We prove that the Hochschild coho-
mology algebra of A∗(E; Fp) is isomorphic as an algebra to the mod-p cohomology algebra of
the free loop space on E. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 13D03; 16E40; 17B35; 55U35
1. Introduction
Let E be a simply-connected topological space of 3nite type and — a 3eld. Jones
showed in [3] that the Hochschild cohomology of the cochain algebra of E;
HH∗(C∗(E;—)), is isomorphic as a graded vector space to the cohomology of the
free loop space of E; H∗(ES
1
;—).
If —=Q, the 3eld of rational numbers, then C∗(E;Q) is equivalent to a commutative
cochain algebra A∗(E;Q). Equipped with the shuCe product, HH∗(A∗(E;Q)) is a
graded algebra. A recent result of ViguDe-Poirrier [4] asserts that HH∗(A∗(E;Q)) is
isomorphic as a graded algebra to H∗(ES
1
;Q).
If — is of positive characteristic, then there exist spaces E for which C∗(E;—) is
equivalent to a commutative cochain algebra A∗(E;—), but such that the Hochschild
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cohomology HH∗(A∗(E;—)) is not isomorphic as an algebra to H∗(ES1 ;—). In [2] we
showed that 
CP(p) is such a space for —= Fp.
There exists for each prime number p a particular class of spaces, called p-Anick
spaces, for which it is generally thought that each “rational result” should extend to a
“mod-p result”. The projective space 
CP(p) is not a p-Anick space and thus does
not contradict this philosophy.
A p-Anick space is a space E for which the Hopf chain algebra C∗(E; Fp) is
equivalent as a Hopf algebra to the universal enveloping algebra U (LV; ) of a free
diLerential Lie algebra (LV; ), equipped with the standard Hopf algebra structure,
for which each element of LV is primitive. Consequently, if p is odd, C∗(E; Fp)
is equivalent to the commutative cochain algebra C∗(LV; ), the Chevalley–Eilenberg
construction on the diLerential graded free Lie algebra (LV; ).
Anick showed in [1] that any r-connected 3nite complex of dimension n, where r ≥ 1
and rp ≥ n, satis3es the conditions above, thus justifying the choice of terminology
and providing a large class of p-Anick spaces.
The aim of this paper is to prove the following result.
Theorem. Let p be an odd prime number; E a p-Anick space; and C∗(LV; ) its
commutative cochain model. Then HH∗(C∗(LV; )) is isomorphic as a graded algebra
to H∗(ES
1
; Fp).
The rest of this paper is devoted to the proof of this theorem, which corroborates
the intuition that p-Anick spaces are “almost rational”.
2. Proof of the theorem
Recall that the underlying algebra of C∗(LV; ) is s−1#(LV ), the free commutative
graded algebra on the desuspension of the dual of LV .
Let B be the bar construction functor on the category of augmented (co)chain al-
gebras. If (A; ) is an augmented (co)chain algebra, then the underlying coalgebra of
B(A; ) is ⊥(s NA), the cofree (tensor) coalgebra on the suspension of the augmentation
ideal of A. We denote the elements of tensor length n by sa1 · · · san ∈ ⊥n(s NA).
The graded algebra HH∗(C∗(LV; )) is the cohomology of the Hochschild cochain
complex, a twisted tensor extension of C∗(LV; ) by BC∗(LV; ), de3ned precisely by
(s−1#(LV )⊗⊥s(+s−1#(LV )); d);
where the product is the tensor product of the usual commutative graded multiplication
with the shuCe product and the diLerential d is speci3ed by the formula
d(1⊗ sc1 · · · scn) = 1⊗ Nd(sc1 · · · scn) + c1 ⊗ sc2 · · · scn − (−1)cn ⊗ sc1 · · · scn−1:
Here Nd is the diLerential on BC∗(LV; ) and  = |sc1 · · · scn−1||scn|. We write |w| to
denote the degree of a homogeneous element of a graded object.
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Let U (LV; ) be equipped with its standard Hopf algebra structure. As proved in [2],
the graded algebra H∗(ES
1
; Fp) is the cohomology of the cochain algebra
(s−1#(LV )⊗ #ULV;D);
where the diLerential D is de3ned by the formula
D(1⊗ c) = 1⊗ ND(c) +
∑
i
(s−1p(c′i)⊗ c′′i − (−1)|c
′
i ||c′′i |s−1p(c′′i )⊗ c′i);
where ND is the diLerential on #U (LV; ); p : #ULV → #LV is the dual of the canonical
injection and the reduced diagonal of c is
∑
i c
′
i ⊗ c′′i . Note that the product on #ULV
is dual to the coproduct on ULV with respect to which the set of primitives contains
LV .
To prove our theorem, it is thus enough to construct a quasi-isomorphism of cochain
algebras
 : (s−1#(LV )⊗ #ULV;D) →(s−1#(LV )⊗⊥s(+s−1#(LV )); d):
Let  be the cobar construction functor. There exists a quasi-isomorphism of cochain
algebras
 : #U (LV; ) →C∗(LV; )
given by the free algebra extension of s−1p : s−1#ULV → s−1#(LV ).
Recall that if C is a cochain coalgebra, there exists an adjunction quasi-isomorphism
of cochain coalgebras
Ad : C →BC
de3ned for all c ∈ C by Ad(c)= ss−1c+, where  ∈ ⊥≥2 NC depends on the primitive
3ltration of c.
Put = Id ⊗ (B() ◦ Ad). We have to prove the following assertions:
(1)  is a morphism of algebras.
(2)  commutes with the diLerentials.
(3)  is a quasi-isomorphism.
As Id and B() ◦Ad are quasi-isomorphisms, a classical argument by Zeeman’s com-
parison theorem shows that (2) implies (3).
The dual of ⊥s(+s−1#(LV )) is T (s−1+sLV ), where  is the divided powers
algebra functor. Proving assertion (1) is equivalent to showing that the dual of B() ◦
Ad, which is an algebra morphism
’ : T (s−1+sLV )→ ULV;
respects the coalgebra structure as well. As T (s−1+sLV ) is a free algebra, it is enough
to prove that the restriction of ’ to the generating vector space s−1+sLV commutes
with the coproducts.
The set of primitives of the coproduct on T (s−1+sLV ) dual to the shuCe product
includes s−1+sLV . From the de3nition of Ad, ’(s−1+sLV )=LV . Since each element
of LV is primitive in the coalgebra ULV , assertion (1) holds.
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It remains to prove assertion (2). To simplify notation, write #ULV =⊥#V =⊥W .
It is enough to show that
D(1⊗ w1 · · ·wn) = d(1⊗ w1 · · ·wn)
for all w1 · · ·wn ∈ ⊥nW .
We introduce 3rst the following notation for certain sets of sequences of integers that
occur in our calculations, as well as for maps between the sets. Let j; k; l be integers
such that 1 ≤ k ¡ l ≤ n and 1 ≤ j ≤ l− k. De3ne
Ij;k; l = {(i1; : : : ; ij) | k ≤ i1¡ · · ·¡ij ≤ l− 1}:
For k ≥ 2 and l ≤ n− 1, let
aj;k : Ij;k;n ,→ Ij+1;1; n and bj; l : Ij;1; l ,→ Ij+1;1; n
denote the injections de3ned by aj;k((i1; : : : ; ij))=(k−1; i1; : : : ; ij) and bj; l((i1; : : : ; ij))=
(i1; : : : ; ij ; l). De3ne
tj : Ij;1; n →
n−j+1⊔
k=2
Ij−1; k;n and hj : Ij;1; n →
n−1⊔
l=j+2
Ij−1;1; l
by tj((i1; : : : ; ij)) = (i2; : : : ; ij) ∈ Ij−1; i1+1;n and hj((i1; : : : ; ij)) = (i1; : : : ; ij−1) ∈ Ij−1;1; ij .
Notice that
B() ◦ Ad(w1 · · ·wn)
= ss−1p(w1 · · ·wn)
+
n−1∑
j=1
∑
i∈Ij;1; n
ss−1p(w1 · · ·wi1 )ss−1p(wi1+1 · · ·wi2 ) · · · ss−1p(wij+1 · · ·wn):
Therefore,
d(1⊗ w1 · · ·wn)
=1⊗ Nd(B() ◦ Ad)(w1 · · ·wn)
+
n−1∑
j=1
∑
i∈Ij;1; n
(s−1p(w1 · · ·wi1 )⊗ ss−1p(wi1+1 · · ·wi2 ) · · · ss−1p(wij+1 · · ·wn)
− (−1)is−1p(wij+1 · · ·wn)⊗ ss−1p(w1 · · ·wi1 ) · · · ss−1p(wij−1+1 · · ·wij));
where i = |wij−1+1 · · ·wn||w1 · · ·wij−1 |.
On the other hand, by de3nition,
D(1⊗ w1 · · ·wn) = 1⊗ ND(w1 · · ·wn) +
n−1∑
k=1
(s−1p(w1 · · ·wk)⊗ wk+1 · · ·wn
− (−1)+k s−1p(wk+1 · · ·wn)⊗ w1 · · ·wk);
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where +k = |w1 · · ·wk ||wk+1 · · ·wn|. Thus,
D(1⊗ w1 · · ·wn) = 1⊗ (B() ◦ Ad) ND(w1 · · ·wn)
+
n−1∑
k=1
(s−1p(w1 · · ·wk)⊗ (B() ◦ Ad)(wk+1 · · ·wn)
− (−1)+k s−1p(wk+1 · · ·wn)⊗ (B() ◦ Ad)(w1 · · ·wk)):
As B() ◦ Ad commutes with the diLerentials, we know that
(B() ◦ Ad) ND(w1 · · ·wn) = Nd(B() ◦ Ad)(w1 · · ·wn):
Proving the equality between the remaining summands of D and d involves a careful,
though straightforward, term-by-term comparison. It is clear that
n−1∑
k=1
s−1p(w1 · · ·wk)⊗ ss−1p(wk+1 · · ·wn)
=
∑
i∈I1;1; n
s−1p(w1 · · ·wi1 )⊗ ss−1p(wi1+1 · · ·wn)
and
n−1∑
k=1
(−1)+k s−1p(wk+1 · · ·wn)⊗ ss−1p(w1 · · ·wk)
=
∑
i∈I1;1; n
(−1)is−1p(wi1+1 · · ·wn)⊗ ss−1p(w1 · · ·wi1 ):
To conclude, it suSces therefore to show that
n−2∑
k=1
n−k−1∑
j=1
∑
i∈Ij; k+1; n
s−1p(w1 · · ·wk)⊗ ss−1p(wk+1 · · ·wii) · · · ss−1p(wij+1 · · ·wn)
=
n−1∑
j=2
∑
i∈Ij;1; n
s−1p(w1 · · ·wi1 )⊗ ss−1p(wi1+1 · · ·wi2 ) · · · ss−1p(wij+1 · · ·wn)
and
n−1∑
l=2
l−1∑
j=1
∑
i∈Ij;1;l
(−1)+l s−1p(wl+1 · · ·wn)⊗ ss−1p(w1 · · ·wi1 ) · · · ss−1p(wij+1 · · ·wl)
=
n−1∑
j=2
∑
i∈Ij;1; n
(−1)is−1p(wij+1 · · ·wn)
⊗ss−1p(w1 · · ·wi1 ) · · · ss−1 p(wij−1+1 · · ·wij):
Observe that tj+1 ◦ aj;k+1 is the identity on Ij;k+1; n for all 1 ≤ k ≤ n − 2 and
1 ≤ j ≤ n−k−1, while ⊔n−j+1k=2 aj−1; k ◦ tj is the identity on Ij;1; n for all 2 ≤ j ≤ n−1.
Similarly, hj+1 ◦ bj; l is the identity on Ij;1; l for all 2 ≤ l ≤ n − 1 and 1 ≤ j ≤ l − 1,
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and
⊔n−1
l=j+2 bj−1; l ◦ hj is the identity on Ij;1; n for all 2 ≤ j ≤ n − 1. Thus, in the
equations above, the index sets over which the sums are taken are the same on both
sides. Furthermore, it is clear that the transformations induced by bj; l and hj of the
index sets in the second equation preserve the signs. We can therefore conclude that
the equations hold, completing the proof of the theorem.
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